
CHAPTER 13

Radiative Transfer with Multiple Scattering

We are now nearing the end of our introductory survey of radiative
transfer in the atmosphere, and it is perhaps no surprise that we
have saved the best — or at least the most challenging — for last.
Every problem we have dealt with so far entailed either absorption
and emission with no scattering, or else at most single scattering.
These restrictions enabled us to solve the radiative transfer equation
along a single line of sight without worrying about what was going
on in other locations and directions.

Such simplifications are utterly useless for solar radiative trans-
fer in clouds. Because most water clouds are both optically thick
(τ � 1) and are only weakly absorbing (ω̃ ≈ 1), multiple scattering
cannot be neglected. That is to say, at most points in the interior
of the cloud, the majority of radiation incident on a cloud particle
will have already been scattered at least once by some other particle.
Photons incident at cloud top will typically be scattered numerous
times before re-emerging from the cloud, either at the top or base in
the plane parallel case, or even from the sides in the case of three-
dimensional clouds. What this means in practice is that you cannot
consider what is happening to the radiant intensity along one line-
of-sight without simultaneously considering what it is doing every-
where else.
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The full radiative transfer equation for a plane parallel atmo-
sphere was given earlier as (11.13) and (11.14). If we neglect thermal
emission, the two can be combined to give

µ
dI(µ, φ)

dτ
= I(µ, φ)− ω̃

4π

∫ 2π

0

∫ 1

−1
p(µ, φ; µ′, φ′)I(µ′, φ′) dµ′dφ′ .

(13.1)
This integrodifferential equation tells us that in order to determine
I(µ, φ) at a particular level τ in a cloud, we must simultaneously
determine I(µ′, φ′) for all values of µ′ and φ′ and for all other values
of τ.

In general, (13.1) cannot be solved exactly except under ex-
tremely restrictive (and inevitably unrealistic) assumptions about
the scattering phase function, among other things. Therefore, radi-
ation specialists have put much effort into

• studying closed form solutions to (13.1) for highly idealized
cases (e.g., isotropic scattering, infinite cloud optical depth)
with an eye toward gaining qualitative insight into radiative
transfer in clouds, and

• developing computational techniques for obtaining reason-
ably accurate numerical solutions for real-world problems.

We will not delve deeply into such methods here, as they are
mainly of interest to those who perform radiative transfer calcula-
tions for a living. If this book has piqued your own interest in atmo-
spheric radiation, then you should plan to continue your education
with advanced textbooks, such as L02 and TS02, that devote consid-
erable space, and literally hundreds of equations, to computational
methods.

Here, we will begin by trying to convey some insight into how
multiple scattering “works” in a plane-parallel cloud layer. We will
then walk through one of the simplest possible analytic solutions to
(13.1) known as the two-stream method. The two-stream approxima-
tion is not terribly useful for computing accurate radiant intensities
as a function of µ and φ, but it’s not bad for estimating hemispheri-
cally averaged fluxes in plane parallel cloud layers. In fact, because
it is relatively undemanding of computer resources, some variation
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on the two-stream method (or the slightly more sophisticated four-
stream method) is usually at the heart of the shortwave radiative
parameterization schemes found in virtually all climate models.

13.1 Visualizing Multiple Scattering

When radiation is incident on a plane-parallel scattering layer of
the atmosphere (e.g., a cloud), we can visualize the radiative trans-
fer process in terms of the fates of a large number of individual pho-
tons. When the radiation is due to a quasi-point source, like the sun,
then each photon enters at cloud top (τ = 0) traveling in the same
initial direction Ω̂0. The subsequent fate of each photon, however,
is determined by its chance encounters with the scattering and/or
absorbing particles in the layer, as summarized by the following se-
quence of events:

1. First, each photon travels a random distance before it encoun-
ters its first extinction event. Although the distance traveled
by each photon individually is random, the average distance is
dictated by Beer’s Law. In fact, if the total cloud optical depth
is τ∗, then we know that a fraction tdir = exp(τ∗/µ) of the
incident photons will reach the cloud base without being ex-
tinguished at all.

2. The fraction 1 − tdir of the photons that do not make it all the
way through the cloud on their first attempt get extinguished
(i.e., scattered or absorbed). Of those photons, the fraction that
gets absorbed is simply 1 − ω̃. For those photons, their long
journey from the sun has come to an abrupt end; their energy
hν goes into warming the cloud.

3. Those photons that get scattered instead of being absorbed
now have a new direction of propagation µ′. Along that di-
rection, Beer’s Law (applied to the new optical distance to the
boundary) again determines the probability that a particular
photon will reach the upper or lower boundary and exit the
cloud.

4. For each photon, steps 2 and 3 are repeated until the photon
has either been absorbed or exited the cloud layer. The albedo



383

a) ω=0.3
τ=0

τ∗=10

τ=0
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b) ω=0.5

c) ω=0.7 d) ω=0.9

e) ω=0.99 f ) ω=1.00

Fig. 13.1: Examples of the random paths of 100 photons in a plane-parallel, isotrop-
ically scattering layer (g = 0) with optical thickness τ∗ = 10 and variable single
scatter albedo ω̃. Photons are incident from above with θ = 30◦. Heavy diagonal
lines indicate the path an unscattered photon would take.
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a) g=0.0 b) g=0.4

c) g=0.6 d) g=0.8

e) g=0.9 f ) g=0.99
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Fig. 13.2: Same as Fig. 13.1, but for conservative scattering (ω̃ = 1) and varying
values of the asymmetry parameter g.
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and diffuse transmittance of the cloud, respectively, describe
the fraction of incident photons that exit the top or the bottom
of the layer.

The above process is depicted graphically for a variety of com-
binations of ω̃ and g in Figs. 13.1 and 13.2. Each photon trajectory is
followed until either the photon gets absorbed or else it exits from
the cloud. Note that even a slight chance of absorption in any single
extinction event translates into a rather high probability of absorp-
tion by the time the photon has been extinguished numerous times
on its passage through an optically thick cloud. Note also the degree
to which the asymmetry parameter g influences the relative likeli-
hood of the photon emerging from the base or the top of the cloud
in the conservative scattering case (Fig. 13.2).

It is possible to numerically simulate radiative transfer in clouds
using exactly the procedure described above. Such a method is
called a Monte Carlo model, because the fate of each photon on each
leg of its journey is simulated as random process, much like the spin
of a roulette wheel or the roll of a pair of dice. Monte Carlo models
are easy to understand and easy to implement. They are especially
useful for handling non-plane parallel cloud geometries. The only
real drawback to Monte Carlo methods is that a very large number
of photon trajectories might have to be simulated in order to obtain
statistically accurate results. For some problems, especially those in-
volving very deep clouds with little or no absorption, Monte Carlo
methods are inefficient, because each photon might undergo thou-
sands of scattering events inside the cloud before finally emerging
to be counted toward either the albedo or diffuse transmittance.

Other methods for solving multiple scattering problems do not
simulate individual photon trajectories but rather seek mathemat-
ical or numerical solutions to the radiative transfer equation. We
now turn our attention to the simplest such method.

13.2 The Two-Stream Method

13.2.1 Azimuthally Averaged RTE

Recall first of all that the contribution a beam of radiation makes to
the horizontal flux doesn’t depend on its azimuthal angle φ but only
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on the angle from vertical, as embodied in µ = cos θ. This means
that we needn’t worry about the azimuthal dependence of I, as long
as we get its dependence on µ and τ right.

Therefore, let’s define the azimuthally averaged intensity as

I(µ) ≡ 1
2π

∫ 2π

0
I(µ, φ) dφ . (13.2)

Also, if we assume an azimuthally isotropic scattering medium, so
that p(µ, φ; µ′, φ′) is equivalent to p(µ, µ′, ∆φ), where ∆φ ≡ φ − φ′,
then we can also define the azimuthally averaged phase function as

p(µ, µ′) ≡ 1
2π

∫ 2π

0
p(µ, µ′, ∆φ) d(∆φ) . (13.3)

With these definitions, we can eliminate φ from (13.1) by taking
the azimuthal average of all terms in (13.1) and simplifying to get

µ
dI(µ)

dτ
= I(µ)− ω̃

2

∫ 1

−1
p(µ, µ′)I(µ′) dµ′ , (13.4)

This is the azimuthally averaged radiative transfer equation.1

Problem 13.1: Show that (13.4) indeed follows from (13.1)–(13.3).

13.2.2 The Two-Stream Approximation

Equation (13.4) is a reasonably general restatement of the full RTE
and contains no indefensible assumptions or approximations. It
therefore can be (and is) used as the starting point for other meth-
ods of solution as well. The specific “leap of faith” that is unique
to the so-called two-stream method, which we will now derive, is

1The question of how you actually specify p(µ, µ′) in terms of the (usually)
more fundamental p(cos Θ) is addressed in section 6.1.2 of L02. The conversion
depends on the expansion of the phase function as a sum of Legendre polynomials,
as discussed in Appendix A.



The Two-Stream Method 387

τ
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I

Fig. 13.3: Assumed angular distribution of intensity in the two-stream approxima-
tion.

the assumption that the intensity I(µ) is approximately constant in
each hemisphere. That is,

I(µ) =

{
I↑ µ > 0

I↓ µ < 0
(13.5)

where I↑ and I↓ are constants. Schematically, this assumption is
depicted in Fig. 13.3.

The assumption of constant intensity through each hemisphere
sounds quite radical, but in fact, it’s not as bad as you might think.
Imagine, for example, that you are hovering in a balloon between
a uniform, flat surface (e.g., the ocean, cornfield-covered Iowa, or
snow-covered Greenland) and the base of heavy stratiform cloud
layer. If you look at any point below the horizon (µ = 0), you see
the more or less uniform color and brightness associated with the
surface. Everywhere above the horizon, you see the more or less
uniform grayness of the cloud layer. The horizon itself presents a
rather sharp discontinuity in intensity between the ground and the
overlying cloud layer.

Within the cloud layer, the contrast between the lower and up-
per hemisphere is less dramatic, but the assumption of constant I for
each hemisphere is still not patently ridiculous. And even if there is
in fact some dependence of I on µ within each hemisphere, it’s safe
to say that this dependence will usually be monotonic (e.g., steady
brightening from the horizon to zenith) and that you could always
find an intermediate value of µ for which the intensity is close to the
average for the entire hemisphere.
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The Two-Stream Equations

So much for the rationalization; now for the math. We will set up
separate equations for the upwelling and downwelling streams of
radiation. The mechanics of the derivation are the same for each
stream, so we’ll save space by going through the details for only the
upwelling stream I↑. We start by substituting the constants I↑ and
I↓ for I(µ) in the appropriate locations in (13.4):

µ
dI↑

dτ
= I↑ − ω̃

2

∫ 1

0
p(µ, µ′)I↑ dµ′ − ω̃

2

∫ 0

−1
p(µ, µ′)I↓ dµ′ . (13.6)

Note that the integration of p(µ, µ′)I(µ′) is split into two pieces to
allow us to separately treat the constant I in each hemisphere. I↑

and I↓ can be taken outside of the integrals, yielding

µ
dI↑

dτ
= I↑ − ω̃

2

[∫ 1

0
p(µ, µ′) dµ′

]
I↑ − ω̃

2

[∫ 0

−1
p(µ, µ′) dµ′

]
I↓ .

(13.7)
It is convenient at this point to define a quantity called the

backscattered fraction b, which will be used as a shorthand for inte-
grals like those appearing above:

b(µ) ≡




1
2

∫ 0

−1
p(µ, µ′) dµ′ = 1 − 1

2

∫ 1

0
p(µ, µ′) dµ′, µ > 0 ,

1
2

∫ 1

0
p(µ, µ′) dµ′ = 1 − 1

2

∫ 0

−1
p(µ, µ′) dµ′, µ < 0 .

(13.8)
b(µ) represents the fraction of radiation that is scattered into the
opposite hemisphere, with new direction of propagation µ. In the
case of (13.7), it characterizes the degree to which backscattering
enhances I↑ at the expense of I↓. We can now rewrite (13.7) as

µ
dI↑

dτ
= I↑ − ω̃[1 − b(µ)]I↑ − ω̃b(µ)I↓ . (13.9)

This equation still contains an explicit dependence on µ, which just
muddies the water, because we’ve already stipulated that I is inde-
pendent of µ in each hemisphere. So let’s eliminate µ by averaging
(13.9) over the entire hemisphere:∫ 1

0

[
µ

dI↑

dτ
= I↑ − ω̃[1 − b(µ)]I↑ − ω̃b(µ)I↓

]
dµ . (13.10)



The Two-Stream Method 389

The result can be written as

1
2

dI↑

dτ
= I↑ − ω̃(1 − b)I↑ − ω̃bI↓ , (13.11)

or

1
2

dI↑

dτ
= (1 − ω̃)I↑ + ω̃b(I↑ − I↓) , (13.12)

where

b ≡
∫ 1

0
b(µ) dµ . (13.13)

Repeating the above steps for the downward stream yields the anal-
ogous equation

−1
2

dI↓

dτ
= (1 − ω̃)I↓ − ω̃b(I↑ − I↓) . (13.14)

Equations (13.12) and (13.14) are the so-called two-stream equations
for diffuse incidence.2 Since I↑(τ) and I↓(τ) are unknown and appear
in both equations, we’re evidently dealing with a coupled pair of
ordinary linear differential equations. The usual way to solve such
a system is to combine them into a single second-order differen-
tial equation, apply boundary conditions, and solve for the specific
boundary conditions of interest. But before we do, let’s take a closer
look at the mean backscatter fraction b.

The Backscatter Fraction and g

The mean backscatter fraction b is explicitly related to the scattering
phase function p(µ, µ′) via (13.8) and (13.13). The properties of the
phase function can in turn be partly characterized via the asymme-
try parameter g, which was defined by (11.20). It follows that there
could be some kind of systematic relationship between b and g that
would allow us to replace b in (13.12) and (13.14) with a suitable

2With relatively little effort, one can generalize the above equations to accom-
modate illumination at the top of the atmosphere by a direct beam of radiation
from the sun — see for example TS02, Ch. 6.
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function of g. This possibility can be made clearer by considering
three special cases.

If scattering is perfectly isotropic [p(cos Θ) = p(µ, µ′) = 1], then
g = 0. In this case, regardless of the direction from which the radi-
ation comes originally, it is equally likely to be scattered into either
hemisphere, so clearly b = 1/2.

If g = 1, this implies that all radiation is scattered in exactly
the same direction as it was traveling before being scattered. Thus,
absolutely no radiation can ever be scattered back into the opposite
hemisphere; therefore b = 0 for this case. Likewise, if g = −1, then
all radiation is scattered into the opposite hemisphere, and b = 1.

To summarize, we have the following known mappings be-
tween g and b:

g = −1 → b = 1

g = 0 → b =
1
2

g = 1 → b = 0

If we now assume that the relationship between g and b is linear,3

then we can write

b =
1 − g

2
. (13.15)

Making this substitution in (13.12) and (13.14), we have

1
2

dI↑

dτ
= (1 − ω̃)I↑ +

ω̃(1 − g)
2

(I↑ − I↓) , (13.16)

−1
2

dI↓

dτ
= (1 − ω̃)I↓ − ω̃(1 − g)

2
(I↑ − I↓) . (13.17)

3This is another approximation; see TS02 Section 7.5 for a full discussion of the
relationship between b and g.
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13.2.3 Solution

We start by adding and subtracting (13.16) and (13.17) to obtain

1
2

d
dτ

(I↑ − I↓) = (1 − ω̃)(I↑ + I↓) , (13.18)

1
2

d
dτ

(I↑ + I↓) = (1 − ω̃g)(I↑ − I↓) . (13.19)

We then differentiate (13.19) to get

d2

dτ2 (I↑ + I↓) = 2(1 − ω̃g)
d

dτ
(I↑ − I↓) . (13.20)

But note now that the derivative on the right hand side can be re-
placed with an expression obtained from (13.18), yielding

d2

dτ2 (I↑ + I↓) = 4(1 − ω̃g)(1 − ω̃)(I↑ + I↓) . (13.21)

Applying the same procedure as above to (13.18) gives

d2

dτ2 (I↑ − I↓) = 4(1 − ω̃g)(1 − ω̃)(I↑ − I↓) . (13.22)

These two equations are the same, except that in the first one the in-
dependent variable is I↑ + I↓ while in the second it’s I↑ − I↓. We can
therefore kill two birds with one stone by solving the single equa-
tion

d2y
dτ2 = Γ2y , (13.23)

where
y ≡ (I↑ + I↓) or y ≡ (I↑ − I↓) , (13.24)

and

Γ ≡ 2
√

1 − ω̃
√

1 − ω̃g . (13.25)

The general solution is

y = αeΓτ + βe−Γτ . (13.26)
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It follows that the solutions for I↑ and I↓ are likewise sums of expo-
nentials:

I↑(τ) = AeΓτ + Be−Γτ , (13.27)

I↓(τ) = CeΓτ + De−Γτ , (13.28)

where the coefficients A–D remain to be determined. Although
there are four coefficients, they are not all independent. This can
be seen by substituting (13.27) and (13.28) into (13.16), which yields

dI↑

dτ
= 2(1 − ω̃)

(
AeΓτ + Be−Γτ

)
+ ω̃(1 − g)

[
(A − C)eΓτ + (B − D)e−Γτ

]
.

(13.29)

But differentiating (13.27) gives

dI↑

dτ
= AΓeΓτ − BΓe−Γτ , (13.30)

so we can equate (13.29) and (13.30) to get

[2(1 − ω̃) + ω̃(1 − g)(A − C) − AΓ] eΓτ =

[−BΓ − 2(1 − ω̃)B − ω̃(1 − g)(B − D)] e−Γτ .
(13.31)

The above equation must be valid for all τ, which is only possible if
the terms multiplying the exponentials are each zero. Solving for A
and C in the first case and B and D in the second, we find

C
A

=
B
D

=
2 − ω̃ − ω̃g − Γ

ω̃(1 − g)
=
√

1 − ω̃g −
√

1 − ω̃√
1 − ω̃g +

√
1 − ω̃

≡ r∞ . (13.32)

The reason for using r∞ to denote this ratio will become apparent
later. With this definition, we can write

C = r∞ A ; B = r∞D , (13.33)

which allows us to rewrite (13.27) and (13.28) as

I↑(τ) = AeΓτ + r∞De−Γτ , (13.34)

I↓(τ) = r∞ AeΓτ + De−Γτ . (13.35)
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Boundary Conditions

At this point we are nearly finished — only two coefficients in our
solution remain undetermined. To find these coefficients, we need
to supply two boundary conditions appropriate to the problem we
wish to solve. Let’s choose the following:

I↑(τ∗) = 0 ; I↓(0) = I0 , (13.36)

which state that the lower boundary is black (no upward reflected
radiation at τ = τ∗ and a known hemispherically averaged intensity
I0 is incident on the top of the atmosphere. With these boundary
conditions, we have

0 = AeΓτ∗
+ r∞De−Γτ∗

, (13.37)

and
I0 = r∞ A + D . (13.38)

These are solved for A and D, which are then substituted back into
(13.34) and (13.35) to get our final solutions

I↑(τ) =
r∞ I0

eΓτ∗ − r2
∞e−Γτ∗

[
eΓ(τ∗−τ) − e−Γ(τ∗−τ)

]
, (13.39)

I↓(τ) =
I0

eΓτ∗ − r2
∞e−Γτ∗

[
eΓ(τ∗−τ) − r2

∞e−Γ(τ∗−τ)
]

. (13.40)

Equations (13.39) and (13.40) give the general two-stream solu-
tion for the case of known uniform (diffuse) illumination I0 at the
top of a cloud layer and a completely absorbing lower boundary.
We now look at the implications of this solution for a few specific
examples.

13.3 Semi-Infinite Cloud

If you want to gain insight into how single scatter albedo ω̃ and
asymmetry parameter g influence the reflection and absorption
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properties of clouds, the interpretation of your results is easiest if
there are no other variables to consider. If a cloud is optically thin,
what you see from above the cloud layer is at least as sensitive to
the radiative properties of the surface below the cloud as it is to the
cloud properties themselves.

To exclude such influences, we will first consider the case of a
semi-infinite cloud; i.e., a cloud layer with an upper boundary at
τ = 0 but which is effectively infinite in depth below that level. A
cloud need not be semi-infinite in a literal sense in order to behave
radiatively like a semi-infinite cloud; all that’s necessary is for it be
so thick that a photon incident on the cloud top has essentially zero
chance of emerging from the bottom before either getting absorbed
or else getting scattered back up through the cloud top.

We adapt (13.39) and (13.40) to the case of a semi-infinite cloud
simply by letting τ∗ → ∞, which gives us

I↑(τ) = I0r∞e−Γτ , (13.41)

I↓(τ) = I0e−Γτ . (13.42)

13.3.1 Albedo

Armed with (13.41) and (13.42), we can look at several interesting
radiative properties of our cloud. Let’s start by finding the albedo
at cloud top, which is defined as the ratio of the reflected to incident
radiation flux:

Albedo =
π I↑(0)
π I↓(0)

=
I0r∞e−Γτ

I0e−Γτ
, (13.43)

which simplifies to

Albedo = r∞ . (13.44)

We discover that the albedo of a semi-infinite cloud is just r∞, which
explains (retroactively) why that particular function of ω̃ and g was
singled out for its own special symbol.
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With that fact in mind, let’s study the properties of r∞ more
closely. For convenience, its definition is repeated here:

r∞ ≡
√

1 − ω̃g −
√

1 − ω̃√
1 − ω̃g +

√
1 − ω̃

. (13.45)

For starters, if ω̃ = 1, then r∞ = 1, regardless of the value of g (as
long as g < 1). This makes sense, because if there is zero absorption,
then any photon incident on the top of a semi-infinite cloud must
eventually emerge from the top again, no matter how many times
it gets scattered first. It cannot get permanently lost deep inside
the cloud, because no matter where it is, the photon is still closer to
the top than it is to the (infinitely distant) bottom and therefore its
random wanderings are statistically guaranteed to take it to the top
eventually.

You can also see that if g = 1, then r∞ = 0, regardless of the
value of ω̃ (as long as ω̃ < 1). Again, this makes sense, because
in this case, every photon that is “scattered” continues traveling in
exactly the same direction as before and can never change direction
to return to the surface. However, this case is unrealistic for two
reasons: (i) g is always less than one for any real scattering medium,
and (ii) even if g were equal to one, then you might as well say that
the medium doesn’t scatter, since all “scattered” radiation continues
traveling in its original direction as if it had never been scattered in
the first place.

Having dealt with those two limiting cases, let’s consider the
more realistic situation in which g < 1 and 0 < ω̃ < 1. Fig. 13.4
shows how r∞ varies with ω̃ for two different values of g, the larger
value (g = 0.85) being typical of real clouds in the solar band. The
albedo is zero for ω̃ = 0 and goes to one for ω̃ → 1, as expected. The
slighly less obvious point to note is that the overall absorptivity of
the cloud, which is given in this case by one minus the albedo (since
transmittance is zero for a semi-infinite cloud), is quite significant
even for ω̃ fairly close to one.

For example, ω̃ = 0.999 and g = 0.85 yields r∞ = 0.85, cor-
responding to a cloud absorptivity of 15%. In other words, even
though there is only a very slight chance for a photon to get ab-
sorbed in any single extinction event (in this example, that chance is
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Fig. 13.4: The albedo of a semi-infinite cloud, as computed from (13.45).

only 0.1%), there is a much greater probability (15%) that a photon
incident on the top of the cloud will get absorbed at some point in
its wanderings before emerging from the cloud top again. The rea-
son, of course, is that the photon’s probability of survival is equal to
ω̃n, where n is the number of scattering events it experiences inside
the cloud. For a deep cloud with small scattering co-albedo (i.e.,
1 − ω̃ � 1), n can be a fairly large number.

Problem 13.2: Assume that r∞ = ω̃n, where n is the effective mean
number of scatterings that photons incident on a semi-infinite cloud
undergo inside the cloud before reemerging from the cloud top. (a)
For the case that ω̃ = 0.9999 and g = 0.85, compute r∞ and n. (b)
Repeat the above calculation, but with ω̃ = 0.9. (c) Explain why n is
much different for the above two cases.
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13.3.2 Flux and Heating Rate Profile

We can also look at the profile of the net flux Fnet = F↑ − F↓

within our semi-infinite cloud. Recall first of all that the two-stream
method assumes uniform (isotropic) intensity within each hemi-
sphere; hence the flux in each direction is just π times the relevant
intensity:

Fnet = π(I↑ − I↓) . (13.46)

Substituting (13.41) and (13.42), we have 4

Fnet = −π I0(1 − r∞)e−Γτ . (13.47)

Fnet in this case decays in exponential fashion, just as it would
in a purely absorbing medium following Beer’s Law. The rate of
decay is proportional to Γ, which is equal to 2 for a purely absorbing
medium (ω̃ = 0) and decreases with increasing scattering (ω̃ → 1).

In fact, for the purely absorbing case, we can write

Fnet = −π I0e−2τ = −π I0e−τ/µ , (13.48)

where µ = 1/2. This is equivalent to Beer’s Law for the case that a
parallel beam of radiation is incident on the top of a purely absorb-
ing layer at an angle of 60◦ from zenith.

For partially scattering cases (0 < ω̃ < 1), the parameter Γ is
less than 2. In this case, scattering effectively reduces the optical
depth of a cloud as compared to the purely absorbing case. If you
measure the net flux at a position τ in the cloud, you will find that it
is equivalent to the flux you would expect to find at a “flux optical
depth” of τflux = Γτ/2 in a purely absorbing cloud.

Recall from (10.54) that the heating rate at a level z in the atmo-
sphere is given by

H = − 1
ρCp

∂Fnet

∂z
(z) , (13.49)

4Recall that I in this chapter is the spectral (i.e., monochromatic) radiance.
Therefore, Fnet, as used here, is the spectral net flux (units of W m−2 µm−1). To
obtain the broadband net flux, you would need to integrate Fnet over a suitable
range of wavelengths, with due allowance for the dependence of I0, r∞, Γ, and
τ on λ. It follows that H, as used in this section, is also a spectral rather than
broadband heating rate.
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where Cp is the heat capacity of air at constant pressure, and ρ is the
air density at level z. Assuming that the volume extinction coeffi-
cient βe is constant in our cloud, we have βedz = −dτ, and we can
write

H =
βe

ρCp

∂Fnet

∂τ
(τ) . (13.50)

Substituting (13.47) and letting F0 ≡ π I0 be the incident flux at the
top of the cloud, we get

H =
βeF0(1 − r∞)Γ

ρCp
e−Γτ . (13.51)

The maximum heating occurs at cloud top (τ = 0) and decreases ex-
ponentially downward, exactly like the net flux itself. Not surpris-
ingly, the rate is also proportional to βe, since this parameter deter-
mines how much physical air mass is associated with a unit change
in τ. If βe is large, the same absorbed radiation heats a smaller mass
of air and the temperature increase is therefore greater.

Problem 13.3: Assume that in the wavelength interval 0.5 µm <
λ < 1.5 µm, the scattering co-albedo of a water cloud is given ap-
proximately by 1 − ω̃ ≈ (1.8 × 10−8) exp[10.5λ], with λ given in
units of µm (see Fig. 12.10). Also assume that, in the same wave-
length range, the spectral flux (W m−2 µm−1) from the sun inci-
dent normally on the top of a semi-infinite cloud is given by F0 =
(6.1 × 10−5)Bλ(T), where T = 6000 K.

(a) For intervals of 0.2 µm or less, evaluate and graph the spec-
tral heating rate H at cloud top (τ = 0), assuming the following
parameter values: g = 0.85, βe = 0.2 m−1, Cp = 1004 J/(kg K), and
ρ = 1.0 kg/m3. Give your results in units of K/(day µm). Hint: It
might save time to write a short computer program to perform the
above calculations.

(b) Explain why the maximum heating rate is found near the mid-
dle of the wavelength range rather than at either extreme.

(c) By estimating the average height of your plotted curve in (a)
and multiplying that height by the appropriate interval ∆λ, deter-
mine the total heating rate [K/day] contributed by absorbed solar
radiation between 0.5 µm and 1.5 µm. If your results seem unrea-
sonably large or small, check your units.
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13.4 Nonabsorbing Cloud

Let’s now abandon our semi-infinite cloud, and turn to the more
realistic case of cloud layer with finite optical depth τ∗. We will
initially consider the case that scattering is conservative; i.e., ω̃ = 1.
This assumption sounds drastic, but in fact the single scatter albedo
of cloud droplets is very close to one over most of the visible band
(see Fig. 12.10), and absorption by clouds is indeed negligible for
most purposes within that band.

Note that if we simply set ω̃ = 1 and then try to evaluate (13.39)
and (13.40) we run into the problem that Γ = 0. Each equation
then collapses to the ratio 0/0, which is undefined. The obvious
workaround is to take the limit of each equation as ω̃ → 0. But
there is an easier way: let’s go back to an earlier step in our original
derivation, namely (13.18) and (13.19). We can now re-solve these
from scratch, using ω̃ = 1. Equation (13.18) then becomes

1
2

d
dτ

(I↑ − I↓) = 0 , (13.52)

which implies

I↑ − I↓ = constant → π(I↑ − I↓) = Fnet = constant . (13.53)

or

I↑ − I↓ =
Fnet

π
= constant . (13.54)

In other words, the net flux does not change with depth in the cloud.
This is what you would expect, because a change of Fnet would im-
ply absorption (and heating), and there can be no absorption when
ω̃ = 1. Similarly, (13.19) becomes

d
dτ

(I↑ + I↓) = 2(1 − g)(I↑ − I↓) =
2Fnet

π
(1 − g) , (13.55)

which integrates to

I↑ + I↓ =
2Fnetτ

π
(1 − g) + K , (13.56)

Fnet and K are constants of integration whose values will be deter-
mined by the boundary conditions. Solving (13.54) and (13.56) for



400 13. Radiative Transfer with Multiple Scattering

I↑ and I↓ gives

I↑ =
Fnet

2π
[1 + 2τ(1 − g)] +

K
2

, (13.57)

and

I↓ = −Fnet

2π
[1 − 2τ(1 − g)] +

K
2

. (13.58)

We now apply the same boundary conditions as before:
I↑(τ∗) = 0, and I↓(0) = I0, giving us

K
2

= I0 +
Fnet

2π
, (13.59)

and
Fnet =

−π I0

1 + (1 − g)τ∗ . (13.60)

The general solution of the two-stream equations for the case of
conservative scattering is then

I↑(τ) =
I0(1 − g)(τ∗ − τ)

1 + (1 − g)τ∗ , (13.61)

I↓(τ) =
I0[1 + (1 − g)(τ∗ − τ)]

1 + (1 − g)τ∗ . (13.62)

From these, we can immediately find the cloud-top albedo

r =
I↑(0)
I↓(0)

=
(1 − g)τ∗

1 + (1 − g)τ∗ , ω̃ = 1 , (13.63)

and the transmittance

t =
I↓(τ∗)
I↓(0)

=
1

1 + (1 − g)τ∗ , ω̃ = 1 . (13.64)
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The above expressions for r and t sum to one, as they must, since
there is no absorption.

Not surprisingly, in the limit τ∗ → ∞, the cloud-top albedo r →
1, which also implies t → 0. A bit more surprising, perhaps, is how
large τ∗ can become while still permitting significant transmission
of radiation through a nonabsorbing cloud. For example, with τ∗ =
100, the transmittance t is still about 6%. All of this transmittance
is associated with photons that have been scattered many hundreds
of times on their journey through the cloud layer. It follows that if
ω̃ were even slightly less than one, the fraction of incident photons
that would survive this journey would be substantially reduced.

Problem 13.4: A typical heavy stratocumulus cloud layer has an
optical thickness τ∗ = 50, ω̃ = 1, and g = 0.85 in the visible band.

(a) Compute its albedo and total transmittance.
(b) If the cloud were perfectly absorbing rather than perfectly

scattering, what optical thickness would yield the same transmit-
tance as in (a), assuming µ = 0.5?

Problem 13.5: Repeat problem 7.11 but this time, for each case,
compute the albedo. What is the difference in albedo for the two
cases, and what does this difference suggest about the potential role
of aerosol pollution in the global energy budget?

13.5 General Case

We previously considered the limiting cases of (i) a semi-infinite
cloud (τ∗ = ∞) with arbitrary ω̃, and (ii) a nonabsorbing cloud
(ω̃ = 1) with arbitrary optical thickness τ∗. Last but not least, we
may look at the more general case of (iii) arbitrary τ∗ in combination
with arbitrary ω̃ < 1.
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13.5.1 Albedo, Transmittance, and Absorptance

Starting from our two-stream solutions (13.39) and (13.40), we find
that the general expression for the albedo for the case that ω̃ < 1 is

r =
r∞
[
eΓτ∗ − e−Γτ∗]

eΓτ∗ − r2
∞e−Γτ∗ , ω̃ < 1 , (13.65)

and the total transmittance is

t =
1 − r2

∞
eΓτ∗ − r2

∞e−Γτ∗ , ω̃ < 1 . (13.66)

Problem 13.6: Show how (13.65) and (13.66) were obtained.

The dependence of t and r on τ∗ is depicted in in Figs. 13.5 and
13.6 for selected values of ω̃, assuming a fairly typical value of g
for cloud droplets in the shortwave part of the spectrum. The cloud
absorptance a = 1 − r − t is plotted in Fig. 13.7 .

These figures speak for themselves. For any given value of τ∗,
even slight decreases in ω̃ can potentially lead to pronounced de-
creases in both t and r and thus an increase in a. We see also that
each of these variables tends to have an asymptotic limit with in-
creasing τ∗. The asymptotic limit for r is of course r∞. Decreasing ω̃
causes the limit to be reached at smaller optical depth.

13.5.2 Direct and Diffuse Transmittance

Recall from Section 7.4.4 that the total transmittance t through a
cloud layer is actually the sum of two components: the direct trans-
mittance tdir and the diffuse transmittance tdiff:

t = tdiff + tdir . (13.67)
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Fig. 13.5: Cloud transmittance t as a function of cloud optical thickness τ∗ for
g = 0.85 and varying values of the single scatter albedo ω̃.
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Fig. 13.6: Same as Fig. 13.5, but the plotted quantity is the cloud albedo r.
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In particular, tdir describes the fraction of radiation incident on the
top of the cloud that passes through to the bottom without either
being scattered or absorbed, while tdiff describes the fraction that
was scattered at least once before emerging from the cloud base. The
version of the two-stream equations we derived does not explicitly
distinguish between the two types of transmission. Nevertheless,
the information is there, for those who know how to get at it.

We start by considering the special case that the layer is nonscat-
tering, in which case ω̃ = 0, r∞ = 0, and Γ = 2. Equation (13.66)
then reduces to

t = tdir = e−τ∗/µ , (13.68)

where once again µ = 0.5. As already mentioned earlier, we’re basi-
cally saying that the total (flux) transmission in this case behaves as
if we were illuminating our nonscattering layer with a single direct
beam from an effective zenith angle of 60◦. Note also that we are
claiming that t in the above equation is the same as the direct trans-
mittance tdir. This is because in the absence of scattering, tdiff is by
definition zero.

But wait: if (13.68) gives tdir for nonscattering layer of optical
thickness τ∗, then it does so as well for a scattering layer! This is
because tdir, by definition, depends only on τ∗ and not on ω̃ or g.
So we can subtract tdir from t to get the following expressions for
the diffuse component of the transmittance:

tdiff =




0 ω̃ = 0 ,

1 − r2
∞

eΓτ∗ − r2
∞e−Γτ∗ − e−τ∗/µ 0 < ω̃ < 1 ,

1
1 + (1 − g)τ∗ − e−τ∗/µ ω̃ = 1 .

(13.69)

where we have used (13.64) and (13.66) for the total transmittance
in the conservative and nonconservative cases, respectively.

Figure 13.8 shows how the total transmission is partitioned be-
tween tdir and tdiff as functions of τ∗ for a cloud with ω̃ = 1 (conser-
vative scattering). Note that when a cloud is optically thin (τ∗ � 1),
most transmission is direct, and the diffuse component is small. As
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Fig. 13.8: Diffuse, direct, and total transmittance as a function of τ∗ in a nonab-
sorbing cloud with g = 0.85.

the layer becomes optically thicker, tdiff first rapidly increases, be-
coming the major contributor to the total transmittance, and then it
trails off slowly, long after tdir has gone to zero.

A good real-world example of this behavior can be observed in
the thickening layer of clouds that often precedes a warm front. In
its early stages, the layer consists of an optically thin veil of cirro-
stratus that does not significantly block the direct rays of the sun
(tdir ≈ 1) and also does not scatter enough sunlight to make itself
clearly visible against the blue sky (tdiff ≈ 0). In fact, you may have
trouble telling it’s even there at all, unless it reveals its presence with
a telltale halo.5 As the cirrostratus layer thickens, it makes the sky
whiter (tdiff initially increases) while the sun’s disk rapidly dims
(tdir decreases). Eventually, as the layer changes from cirrostratus
to altostratus and finally nimbostratus, the sun’s disk becomes in-
visible (tdir ≈ 0) and the sky becomes an ever-darker shade of gray
(t ≈ tdiff → 0).

5The halo around the sun often seen in the presence of cirrostratus is due to a
local maximum, near Θ = 22◦, in the scattering phase function p(Θ) for randomly
oriented hexagonal ice crystals — see Section 4.3.1.
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13.5.3 Semi-Infinite Cloud as Approximation

Our first application of the two-stream solution was to find the
albedo of a semi-infinite cloud. It turned out that that albedo is
given by r∞, which is a function of ω̃ and g. Our more general solu-
tion (13.65) reveals that as you increase τ∗, the albedo first increases
rapidly and then more slowly. It eventually “saturates” at a value
approaching r∞ and does not increase significantly with further in-
creases in τ∗.

Although a real cloud is never truly semi-infinite, it is reason-
able to ask for what value of τ∗ a cloud might viewed as effectively
semi-infinite, in the sense that further increases in τ∗ don’t signifi-
cantly change the cloud’s overall radiative properties. Another way
of posing the same question is to ask how thick a cloud must be,
in order that the underlying atmosphere and/or surface has no sig-
nificant influence on the cloud-top albedo, as seen for example by a
satellite imager. If a cloud layer is effectively semi-infinite at a par-
ticular wavelength, then the cloud-top radiance at that wavelength
can be predicted from the cloud properties alone.

There is more than one way to measure the degree to which a
cloud’s radiative properties have approached the semi-infinite limit.
However, the most straightfoward is the cloud’s total transmittance:
if t ≈ 0, then we can be certain that almost none of the photons
emerging from cloud-top will have ever “seen” the lower boundary
and therefore can’t have been influenced by the details of where,
exactly, that boundary is found (i.e., what the precise value of τ∗ is)
or its reflective properties.

Of course, t is never exactly zero for finite τ∗, so we have to
phrase the question as follows: For what minimum value of τ∗ is
t < f , where we let f be largest value of the transmittance that we
still consider to be “negligible?” For example, if we set f = 0.01,
then we are saying that up to 1% transmittance will be tolerated
without invalidating the description “effectively semi-infinite.”

Setting t = f = 0.01 in (13.66) and solving for τ∗ allows us
to express the minimum optical thickness as a function of ω̃ and
g. Representative results are plotted in Fig. 13.9. What we see is
that a strongly absorbing cloud may be effectively semi-infinite for
rather small τ∗, while a strongly scattering cloud layer continues to
transmit at least 1% of the radiation incident on the opposite side



408 13. Radiative Transfer with Multiple Scattering

 1

 10

 100

 1000

0.
0

0.
9

0.
99

0.
99

9

0.
99

99

0.
99

99
9

0.
99

99
99

0.
99

99
99

9

τ*

ω

Minimum Thickness of a ’Semi-Infinite’ Cloud

g=0

g=0.85

Fig. 13.9: The minimum cloud optical thickness τ∗ that qualifies as approximately
“semi-infinite”, based on the (arbitrary) requirement that the total transmittance
be less than 1%.

until τ∗ reaches a value of several hundred.
One conclusion we can draw from this result is that even rel-

atively thin water clouds may be treated as opaque at thermal in-
frared wavelengths for which ω̃ � 1, while the same clouds may
be far from opaque at visible wavelengths, despite having roughly
the same total optical thickness τ∗ in both the bands.

Problem 13.7: A certain cloud consists of drops of radius 10 µm.
The total column liquid water path L is 0.05 kg m−2. Assume an
extinction efficiency Qe ≈ 2 for all wavelengths of interest, and g ≈
0.85.

(a) Compute the optical thickness τ∗ [see (7.74)].
(b) Determine the range of ω̃ for which the cloud may be treated

as effectively ‘semi-infinite’, based on the information in Fig. 13.9.
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(c) Examine Fig. 12.10 and determine the approximate range
of wavelength over which the cloud cannot be considered ‘semi-
infinite.’ Identify the associated spectral band(s).

13.6 Similarity Transformations†

In the expressions (13.65) and (13.66) that we derived for albedo
and transmittance in the general case, there is an implicit depen-
dence on three radiative quantities: the optical depth τ, the single
scatter albedo ω̃, and the scattering asymmetry parameter g. Yet all
of this dependence is embodied in only two free variables: r∞ and
the product of Γ with τ∗. It follows that any two cloud layers hav-
ing the same values of both r∞ and Γτ∗ are radiatively equivalent to
at least the accuracy of the two-stream approximation.

Because r∞ itself is a function of both ω̃ and g, there is an infin-
ity of combinations of these parameters that map to the same value of r∞.
So if you were to measure the albedo at the top of a semi-infinite
cloud and find, for example, that r∞ = 0.80, you’d have no way of
knowing whether you were dealing with g = 0 and ω̃ = 0.988, or
with g = 0.8 and ω̃ = 0.998, or with any other combination that pro-
duces the same albedo. What you can uniquely determine, however,
is the similarity-transformed (or adjusted) single scatter albedo, which is
defined as

ω̃′ ≡ 1 − g
1 − gω̃

ω̃ . (13.70)

It tells you what single scatter albedo in combination with isotropic
scattering (g = 0) would give you the same r∞ as your actual g and
ω̃. Note the effect of g > 0 (the usual case) is to make ω̃′ < ω̃, except
of course when ω̃ = ω̃′ = 1.

Similarly, the similarity-transformed (or adjusted) optical depth is
defined as

τ′ ≡ (1 − gω̃)τ . (13.71)
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It tells you what optical depth in combination with isotropic scattering
(g = 0) and adjusted single scatter albedo ω̃′ will give you the same
value of Γτ as would the “real” τ in combination with your cloud’s
actual ω̃ and g. For g > 0 and ω̃ > 0, we find that τ′ < τ.

Problem 13.8: Verify the above interpretations of (13.70) and
(13.71) by showing that r∞(ω̃′, 0) = r∞(ω̃, g) and that Γ(ω̃′, 0)τ′ =
Γ(ω̃, g)τ.

The physical interpretation of (13.71) is straightforward. If g is
close to unity, then scattered radiation will tend to continue more
or less in the original direction of travel, almost as if it hadn’t been
scattered at all. Therefore, radiation will be able to traverse a greater
optical depth without being absorbed than would be the case if g
were smaller. The definition of τ′ gives an “effective” optical depth
that takes into account this phenomenon.

The interpretation of (13.70) is only slightly more subtle. The
idea here is that if g > 0, then photons incident at cloud top will
have a harder time “turning around” from their original downward
path than would be the case for g = 0. On average, a greater num-
ber of scattering events will have to occur in order for a photon to
have a good chance of re-emerging from the cloud top and con-
tributing to the albedo. Of course, the greater the number of scatter-
ings, the greater the fraction of photons that will be absorbed first,
if ω̃ < 1. The definition of ω̃′ takes into account the role of g in the
overall absorptive properties of the cloud.

Problem 13.9: Given ω̃ = 0.99 and g = 0.85, compute ω̃′ and r∞.

13.7 Clouds Over Non-Black Surfaces

In order to obtain our solutions (13.39) and (13.40) to the two-stream
equations, we had to supply two boundary conditions. We chose to
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take I↓(0) = I0 and I↑(τ∗) = 0. The latter condition states that the
lower boundary is perfectly black; i.e., there is no radiation incident
on the cloud base from below.

If the lower boundary were in fact non-black, then radiation
transmitted by the cloud would reach the surface, partially reflect
upward and impinge on the cloud base from below. Some of that
radiation would be transmitted back through the cloud. Some of the
remainder would be reflect back downward, increasing the illumi-
nation of the surface, and so on, ad infinitum. The net result would
be (a) an increase in the total downward flux incident on the surface
and (b) an increase in the albedo at cloud top.

In principle, we could re-solve the two stream equations with a
new lower boundary condition to account for a non-black surface.
The new boundary condition would be I↑(τ∗) = rsfc I↓(τ∗), where
rsfc is albedo of the surface. But there is a simpler way, at least if we
are content with finding the modified fluxes at the upper and lower
boundaries.

Imagine that we have already used (13.65) and (13.66) to find
the reflectivity r and total transmittance t of a cloud layer with spec-
ified τ∗, ω̃, and g. The reflectivity and transmittance are intrinsic
to the cloud itself, because there is no contribution from the lower
boundary. The upward flux of radiation from cloud top is

F↑(0) = F0r , (13.72)

where F0 is the incident solar flux. The downward flux below cloud
base is

F↓(τ∗) = F0t . (13.73)

Now let’s place the same cloud layer over a surface with albedo
rsfc. Of the downward flux given by (13.73), a fraction rsfc is reflected
back toward the cloud. A fraction t of that is transmitted through the
cloud, adding to the original F↑(0) given by (13.72). An additional
fraction r is reflected back downward toward the surface. A fraction
rsfc of that is reflected back upward, where it again contributes to an
increase in F↑(0) as well to the flux reflected back downward from
cloud base.

Figure 13.10a depicts the first few terms in the infinite series of
reflections between a cloud layer and the surface. The total upward
flux at cloud top is now the sum of the cloud-reflected component
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and each of the transmitted contributions due to successive reflec-
tions from the surface:

F↑(0) = F0(r + rsfct2 + r2
sfcrt2 + r3

sfcr2t2 + r4
sfcr3t2 + . . . ) . (13.74)

We can rewrite the above equation as

r̃ ≡ F↑(0)
F0

= r + rsfct2[1 + rsfcr + (rsfcr)2 + (rsfcr)3 + . . . ] . (13.75)

This does not look like a very convenient solution, unless you hap-
pen to remember the following power series expansion:

1
1 − x

= 1 + x + x2 + x3 + . . . , (13.76)

in which case you’ll recognize that an equivalent closed-form ex-
pression for r̃ is

r̃ = r +
rsfct2

1 − rsfcr
. (13.77)

Using similar reasoning, we get

t̃ =
t

1 − rsfcr
, (13.78)

where

t̃ ≡ F↓(τ∗)
F0

. (13.79)

Problem 13.10: Derive (13.78).

Let’s consider first the modified cloud-top albedo r̃ given by
(13.77). We note that if either the cloud transmittance t or the surface
reflectivity rsfc are equal to zero, then the second term on the right
vanishes and we’re back to the original reflectivity r computed for
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a black lower boundary. The second thing we notice is that if both
t and rsfc are not zero, then the second term on the right is greater
than zero, implying an enhancement of the albedo relative to the
original r. The third thing we notice is that if t = 1, then r must be
zero (because r + t + a = 1); therefore r̃ = rsfc. The last case is of
course equivalent to having no cloud at all. All of these inferrences
make physical sense.

Recall that t̃ is the ratio of the flux incident on the surface below
the cloud to the original flux F0 incident at cloud top. If t = 0, then t̃
is also zero. If either rsfc or r is zero, then t̃ = t. Again, these results
make sense.

But now consider the case that rsfc > 0 and the cloud absorp-
tance a = 0 so that r = 1 − t. We then get

t̃ =
1 − r

1 − rsfcr
> t = 1 − r . (13.80)

Multiple reflections between the ground and the cloud thus enhance
the downward flux at ground level, relative to what the flux would
have been with a black surface. In other words, making the ground
more reflective below you makes the sky brighter above you! If you
live in a part of the country that gets snowfall, you will undoubtedly
have noticed that an overcast sky is substantially brightened by the
presence of snow on the ground.

More surprising, perhaps, is that if rsfc = 1 and a = 0, then t̃ = 1,
implying that the downward flux below cloud base is then exactly as large
as it is above cloud top, even when a large fraction of the incident
radiation is reflected back to space before even passing through the
cloud! In other words, in the absence of absorption, the presence
of the cloud makes no difference whatsoever to the downward flux
measured by an observer at the surface!

Although the above conclusion might seem counterintuitive,
there is a simple physical explanation based on energy conservation:
if there is no loss of radiative energy due to absorption in or below
the cloud layer, then the upward flux of radiation below cloud base
must increase through multiple reflection until just as much energy
is lost by transmission upward through the cloud as is gained by
downward transmission of the incident flux above the cloud. Since
the transmittance of the cloud is the same in both directions, steady
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state is achieved when the two fluxes are equal. And since the up-
ward flux below cloud equals the downward flux when the surface
is perfectly reflective, the downward flux below cloud equals the
downward flux above cloud.

Problem 13.11: The above argument can be equally well applied
to the downward and upward flux (and thus intensity in the two-
stream approximation) of radiation at an arbitrary level τ within a
semi-infinite, nonabsorbing cloud. Specifically, we expect I↓(τ) =
I↑(τ) = I0.

(a) Outline the physical argument, drawing an analogy to the
case of a finite cloud layer overlying a perfectly reflecting surface.

(b) Demonstrate the stated relationship, using the equations
given earlier for the intensity in a semi-infinite layer.

(c) Demonstrate the stated relationship, using the equations
given for the intensity in a nonabsorbing layer.

Problem 13.12: Assume that the incident flux of visible radiation
on the top of a stratiform cloud layer is F0 = 400 W m−2. The cloud
itself has a transmittance t = 0.2 and does not absorb. The surface
albedo is initially rsfc = 0.05, but the cloud produces snowfall which
blankets the surface, eventually raising rsfc to 0.95.

(a) Create a table with two rows and six columns. The rows cor-
respond to “before snowfall” and “after snowfall”. The first three
columns will contain, respectively, the downward flux, upward flux,
and net flux at the surface. The last three columns will contain the
same quantities, but at cloud top.

(b) By what percentage did the downward flux at ground level
increase after the snowfall?

(c) For either case, compare the net flux at ground level with that
at cloud top. Is one greater than the other? Why or why not?

13.8 Multiple Cloud Layers

We previously considered what happens when a cloud layer that
partially reflects and partially transmits radiation is combined with
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a non-black (i.e., partially or totally reflective) surface. We can un-
dertake a similar analysis to find the combined radiative properties
of two cloud layers, the first with reflectivity r1 and transmittance t1;
the second with r2 and t2. Figure 13.10b depicts the first few terms
in the infinite series of reflections between the cloud layers. It can
be shown that the total reflectance of the two-layer combination is
given by

r̃ = r1 +
t2
1r2

1 − r1r2
, (13.81)

and the total transmittance is

t̃ =
t1t2

1 − r1r2
. (13.82)

Problem 13.13: Write out the derivation for the above two equa-
tions.

Equations (13.81) and (13.82) apply to a combination of just two
layers, but they can be used to compute the combined reflectance
and transmittance of any number of layers. First, find the reflectance
and transmittance of one adjacent pair of layers. Then treat this pair
as a single layer to be combined with a third layer, and so on, ad
infinitum.

Problem 13.14: Three nonabsorbing layers have transmittances
t1 = 0.2, t2 = 0.3, and t3 = 0.4.

(a) Compute their combined reflectivity and transmittance.
(b) Compare the computed transmittance with that predicted by

Beer’s Law for combinations of nonscattering layers, and explain the
difference.

(c) Under what condition(s) is (13.82) consistent with Beer’s Law,
and why?
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Although we implicitly assumed we were dealing with two dis-
tinct cloud layers separated by clear space, the space between the
layers plays no role (as long as it is nonscattering and nonabsorb-
ing, of course). Therefore, we can apply (13.81) and (13.82) equally
well to two contiguous layers of the same cloud, as illustrated by
the following problem:

Problem 13.15: A certain cloud layer has total optical thickness
τ∗ = 12, single scattering albedo ω̃ = 0.99, and asymmetry parame-
ter g = 0.85.

(a) Use (13.66) and (13.65) to compute the total reflectivity and
transmittance of the cloud layer.

(b) For the same values of ω̃ and g, compute the reflectivities and
transmittances of layers having τ∗ = 3 and τ∗ = 9, respectively.

(c) Use (13.81) and (13.82) to combine your results from (b) in
order to find the total reflectivity and transmittance of the layer with
τ∗ = 12. Do your results agree with your answers to (a)?

13.9 Accurate solution methods†

The two-stream method and its close relatives (e.g., the so-called Ed-
dington approximation) are often adequate for computing shortwave
fluxes, including albedo and total transmittance, in plane-parallel
clouds, given τ∗, ω̃, and g. However, you should not forget that it
is an approximate solution based on several fairly drastic assump-
tions, such as uniform intensity (I(µ, φ) = constant) in each hemi-
sphere. Ninety-nine percent of the time when you’re outside during
the daytime, your own eyes tell you that shortwave radiant inten-
sity I↓ is a strong function of direction.6

You should therefore should not rely on the two-stream method
in either of the following cases:

• You require the ability to compute fluxes with high accuracy,
taking into account the details of the scattering phase func-
tion p(Θ) and the surface bidirectional reflectance function
ρ(θi, φi; θr, φr); or

6The other one percent of the time, your eyes are probably closed.
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• You require the ability to calculate radiant intensities in one
or more specific directions, such as those viewed by a remote
sensing instrument in space or on the ground.

For such applications, you need a suitable numerical method
for solving the full radiative transfer equation (11.13) for a plane-
parallel atmosphere. In addition, there are times when you can’t
safely ignore three-dimensional structure, in which case even the
plane-parallel assumption goes out the window and you have to
fall back on (11.8) as your starting point.

Fortunately, there are quite a few off-the-shelf radiative trans-
fer codes available that can be adapted to almost any problem that
you’re likely to encounter. It is therefore not usually necessary even
for radiation or remote sensing specialists to derive and program
their own radiative transfer codes, unless they have very special
needs. And most nonspecialists (i.e., the presumed majority of read-
ers of this book) will not have to deal with these codes at all, let
alone know much about what goes on “under the hood.”

One of the most popular and flexible plane parallel radiative
transfer codes in use today, called DISORT, is based on the discrete
ordinates method. The discrete ordinates method can be thought of
as a generalization of the two-stream method to an arbitrarily large
number of discrete “streams” of radiation in each hemisphere, each
one representing a different direction.

Other common radiative transfer methods suitable for multiple
scattering problems include the adding-doubling method, successive
orders of scattering, and the Monte Carlo method. The last of these
was briefly outlined in section 13.1.

The adding-doubling method may be thought of as a general-
ization of equations (13.77), (13.78), (13.81), and (13.82). In this
method, the scalar reflectance r and transmittance t for each layer
are replaced with N × N matrices R and T, which represent the cou-
pling of intensities between each of N discrete directions for the in-
cident radiation into each of the corresponding outgoing directions
for reflected and transmitted radiation, respectively. Division in the
above equations is replaced with the matrix inverse operator. If you
then start with a layer which is very thin, then the single scatter-
ing approximation applies, allowing R and T to be computed from
the scattering phase function alone. Thereafter, it is only necessary
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to combine layers successively until you achieve the desired total
optical thickness τ∗.

The method of successive orders of scattering is most suitable
when dealing with a cloud layer that is either not too thick or else
is moderately absorbing. In this method, you first determine the
radiation field that results from single scattering of the incident ra-
diation. This field is then used to determine the contribution from
radiation that is scattered a second time, and so on. Summing the
contributions from all orders of scattering gives the complete field
of multiply scattered radiation. Of course, the sum converges after
a reasonable number of iterations only if a significant fraction of the
radiation is lost from the cloud layer with each successive scatter-
ing, either due to absorption or because the radiation escapes from
the upper or lower boundary of the cloud.

All of the above numerical methods are covered in far greater
depth by L02 (Ch. 6), TS02 (Ch. 8), and GY89 (Ch. 8).




